NANO 703-Notes

X-Ray Diffraction

X-ray diffraction geometry

A simple X-ray diffraction (XRD) experiment might be set up as shown below. We need a parallel X-ray
source, which is usually an X-ray tube in a fixed position with optics to both collimate the beam and filter
out only a narrow range of X-ray wavelengths. The X-ray beam diffracts off a sample, and the diffracted
intensity is measured with a detector on the end of an arm that can rotate about the sample. The plane of
diffraction contains the incident (wavevector kK k) and diffracted (wavevector K') X-ray beams. We must
be able to rotate the sample so that the RLV is interest is in the diffraction plane.

source

20

detector i

Often, we want to examine the diffraction from planes parallel to the substrate, i.e., having their g vectors
oriented along the substrate normal. In that case, as we scan through some range of 20 with the detector,
we must be simultaneously changing the sample orientation w.r.t. the incident beam to maintain
k'-k=g.

It is certainly possible to rotate the source, instead of the sample, but the source has high-voltage cables
and water lines, whereas the sample is often small, so a fixed source is more common.

Setting ®
The motor that rotates the sample about an axis normal to the diffraction plane is called ® (or Q).
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It has an especially important role for films. We usually mount the substrate so that its plane is parallel to
the beam axis and normal to the diffraction plane when =0 . Then, if want to scan along the normal to
the substrate plane, we set
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In this case, ® and 0 are basically synonymous.

X-ray diffraction pattern from nanoparticles

Powder diffraction is a way to analyze a material by grinding it up into many small particles that are
randomly oriented. But we may refer to the diffraction pattern from an collection of nanoparticles, or even
a polycrystalline material, as a powder pattern. Powder patterns are simple to analyze, because there is no
dependence on specimen orientation; every orientation is represented in the data. So standard patterns are
recorded for comparison to any arbitrary test sample. An example of a powder pattern from PbTe
nanoparticles is shown below.
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There are a few things to notice. The most important is the positions of the peaks. We can identify their
Miller indices once we have found the correct standard (vertical lines) for comparison. But some attention
should be given to the relative peak heights. It is very uncommon to be able to quantitatively explain the
absolute peak heights, but the relative heights should be a fairly close match. This is especially true for
real powders, when the particle size is larger than a few microns. When comparing nanoparticles to a
powder standard ( as in the example above) we should allow some differences due to the particular
particle shapes.

Another feature we should notice above is the peak widths. This sample contained very small particles,
only a few nm in diameter, which causes a very broad peaks, more than 1-2° in 20 . For a large-grained
powder, the peaks may be quite narrow. In that case, the peak widths are mainly determined by the XRD
instrument, rather than the sample.

Powder diffraction standards
The most common database of powder diffraction standards is managed by the Joint Committee on
powder Diffraction Standards (JCPDS), which is associated with the International Union of
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Crystallography. Each particular standard is saved in a powder diffraction file (PDF). These standard files
are interchangeably called JCPDS files or PDFs. A portion of an example is shown below:

PDEZ00-029-1360: QM=5tar(S); d=Unknown); [=Diffractometer

Brookite

TiD2 Black

Radiation=CuKal Lambda=134036  Filter=Ni

Calibration= 2T=23.340-103201 IIc(RIF)=

Bef: Matl. Bur. Stand. (U.8.) Monogr. 25, v3 p37 (1864)

Orthorhombic - Powder Diffraction, Pcab (61) Z=8 mp=

CELL: 54358 x9.1819x 5.1420 <000 x 200x 200>  PS=oP24 (02 Ti)

Density(c)=4.120  Density(mj=4.140  Mwt=79.90 Vol=257.63 F(30/=37.8(.0115.43/0)
Fef: Ihid.

Strong Lines: 3.46/82.00/02.48/3241/2237/1

MNOTE: To replace 00-016-0617 and validated by calculated pattem.

See ICSD 36408 (PDF 01-076-1934).

Specimen from Magnet Cove, Arkansas, USA (USNM 97661).

Spectrographic analysis: 0.1-1.0%6 8i; 0.01-0.1% each of Al Fe, and V; 0.001-0.01%: Mz.

Niobian brookite from Mozambique [Chemical analysis (wt.%a): Ti 02 80.7, Nb2 O3 14.1. FeQ 3.33];
Carvalho et al., Rev. Cien.Geol.Ser A, 761 (1974) reports an identical pattem.

Pattern taken at 23 C.

Intensities verified by calculated pattern.

2Theta dinm) I(v) (hkl) Theta 1/2d) 2piid n*2
25.340 0.35120 920 (120) 12.670 0.01424 0.17891
25.689 0.34630 740 (111) 12845 0.01443 0.18133
30.807 029000 100.0 (121) 15.404 0.01724 021666
32.791 027290 5.0 (200) 16395 0.01832 0.23024
36252 024760 33.0 (012) 18.126 0.02019 025376
37.296 024090 24.0 (201) 15.648 0.02076 0.26082
37.933 023700 8.0 (13 1) 18967 0.02110 026511
38371 023440 5.0 (220) 19.183 0.02133 026805
38.576 023320 6.0 (211) 19288 0.02144 026343
30205 022960 7.0 (040) 19.603 0.02178 027366
39.967 022540 110 (1132) 19.983 0.02218 027876
40.152 022440 260 (022) 20.076 0.02228 0.28000
42339 021330 240 (22 1) 21.170 0.02344 029457
46.072 0.19685 26,0 (03 2) 23.036 0.02340 0.31919

BMAAM mARMAM S FaA SR AL M MRS A AMSEE AoAMARS

The file is assigned a unique number, contains a name for the material, and some information about how
the data was acquired. Then there is information about the physical properties, including the
crystallographic space group and unit-cell dimensions. There are then some comments about the origins
of the specimen. Last is a listing of the peak positions and/or d spacings, relative intensities (in %), and
Miller indices.

Two conventions for scattering vector
In the discussion of electron diffraction, the lengths of reciprocal-space vectors were always the inverse of
a corresponding distance, such as a wavelength or d-spacing. In XRD, it is more common to include a
factor of 21 when defining wavevector. The difference is whether the 2n is written explicitly in the
exponent of a complex exponential, or whether it is included in the wavenumber.

1 2sin0 2n _ 4nsin®

TEM: 9=7=" XRD: = ”

g= 25in0) 4msin®
7=" g =388
s
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The point is simply that I may slip between the two conventions inadvertently. Please bear with me.
Integrated intensity factors for powder

There is more than one way to express the intensity of a diffraction peak. The number of counts per unit
area per unit time is the absolute intensity. What we actually measure is the total number over some finite
area of detector per unit time. The total number per unit time integrated over the full range of the peak in

27 is called the integrated intensity. The integrated intensity in powder diffraction is proportional to a
number of factors that we will list later.

max
A(26)

Intensity (A.U.)

26 (deg)

The peak can have various shapes. Assuming all of the peak shapes are the same (with just different
parameters) we could express the integrated intensity as:

Iint o« Imax A(ze)
where A(20) is the width in 20 .

Peak fitting

One way to extract parameters such as maximum intensity |, and width A(20) is by least-squares

curve fitting. This requires an expected curve shape the depends on a few parameters, which can be varied
until the squared difference between the data and fit function at each point is minimized. In practice, each
data point is usually weighted by its uncertainty.

It is sometimes preferable to plot the data as a funciton of (, instead of 20. The centroid is , and the
width is AQ. Some common functions to use are listed below:

2
fﬁf,“ié‘;a" (q)=exp {—ln (@[ﬁ} } , //gaussian

i 1
Lorent .
fiag  (0) =——————=5, lortenzian

+[<A§/20>
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fiaoaam; ()= 1 — > pearson-7
1+(2"m -1 { a-d } }
{ ( ) (Aq/2)

We have arranged these in each case so that the width parameter Aq precisely the full width at half

maximum (FWHM) of the peak, which is a standard metric. Note that the peaks are all normalized for
maximum value of unity, but the the integrated intensities are not generally the same.

— Gaussian
w== Pearson-VII (m=2)
= Lorentzian

VA

max

Intensity (A.U.)

_—

q

The gaussian shape is used throughout statistics and physics. It is often called a normal distribution, and
represents the probability distribution when a quantity has a definite mean.

The lorentzian shape is unusual because it has no mean or standard deviation. Nonetheless, it does have a
well-defined centroid (which corresponds to the median) and a FWHM.

The pearson-7 shape is a purely mathematical construct that makes it easy to vary between gaussian and
lorentzian shapes. Notice the extra parameter, m. If m=1, we get the lorentzian shape. If m — o, we get
the gaussian shape. There is no such correspondence for m <1, but we don't always care if the peak
assume any particular, theoretical shape, especially if all we need to know is the peak position.

Normalization
In these forms, these peaks are normalized w.r.t. |, , not integrated intensity. But the areas under the
curves are not all the same.
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Another important lineshape
The voigt function is defined as the convolution of a gaussian and a lorentzian centered at the same point

Qo , 1.€.:
Voigt __ £ Gaussian Lorentzian
f{qo,Aq} (q)_ f{QO,Am% (q)* f{QO,AQz) (q)

It turns out that, since the gaussian and lorentzian are normalized, the voigt will be, too. The centroid ¢,

doesn't change, but, because of the lorentzian component, the voigt has no well-defined mean or standard
deviation. There is no simple expression for the FWHM Aq as a functions of Aq, and Ad,, but we know

Aq will be larger than both Ag, and AQ,.

Sometime people use a pseudovoigt function, which is taken as a linear combination of a gaussian and a
lorentzian, i.e.:

e (@)= (1=1) BT () +n- Fig™ (a)

This is definitely easier to analyze, though the physical basis is shaky. We know the centroid remains ¢,
and if Aq, = AQ, = Aq, the FWHM will remain Aq . But the pseudovoigt really only approximates a voigt

for certain combinations of AQ;, AQ,, and 1.

X-ray sources

We know that ionization results in characteristic X-ray emission, while acceleration of electrons results in
bremsstrahlung X rays. When we expose a target to an electron beam, both contributions will be present
in the spectrum. There are two Ko lines and one K line. For X-rays sources, we usually want to use the
intensity of the K lines.
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The most common type of X-ray source in laboratories is an X-ray tube. Inside the tube is a stationary
metal target (usually Cu). When the source is on, the target is exposed to a beam of electrons from a
filament, usually with around 40 KV accelerating potential. There are windows in the tube from which the

X ray beam escapes and is directed onto a specimen.

detector

\‘ oo
monochromator . source
v, e

specimen

The scattered electron intensity is measured by a detector. Usually, there is a monochromator somewhere
between the source and detector to remove most of the continuous bremsstrahlung spectrum, as well as
the KB. But it is also possible to use a thin metal filter, such as Ni, which has an X-ray absorption
spectrum that blocks the K3 and other unwanted X-ray energies. It is difficult to filter out the Ka.,, so it is

often present in the resulting diffraction patterns.

The diffraction plane can be horizontal or vertical (or something else), but there needs to be freedom to
move the specimen and detector w.r.t the incident beam. There are a variety of ways to do that.
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Common X-ray sources
By far, the most common X-ray target used is Cu, with the alignment set so that the radiation used is Cu-

Ko, but Mo- Ka is not too uncommon.

target: Cu
label transition E (KeV) A (nm) relative intensity
Ko, 2Py, —>1s 8.048 0.15405 2.0
Ka, 2py, —>1s 8.028 0.15443 1.0
Amean (M) 0.1542
target: Mo
label transition E (KeV) A (nm) relative intensity
Ko, 2Py, = 1s 17.481 0.07093 2.0
Ka, 2py, —>1s 17.376 0.07135 1.0
Amean (M) 0.07107

The relative intensities of Ko, and Ko, are fixed at 2:1 by the multiplicities of the initial states

involved. Because they are so close in wavelength, it is common to take a weighted sum as a reasonable
estimation of the wavelength, when both are present.

Recall that, as photons, the energy-wavelength relationship is given by:

_ 1240 eV -nm _ 1.24 KeV -nm
A A

E

There are other targets available too, such as Co and Ag.

Ka peak doublets
Using Ko radiation, it is unusual to completely filter out the Ka.,, so one is left with a doublet of

closely spaced peaks. These are evident at high scattering angles. If there is no filtering of the Ka.,, we
know that the relative intensity is precisely Ik, / ko2 =2.0. These two peaks in 20 can be thought of as

one peak in ( that correspond to a single lattice spacing. The 0 values are related by

q _E_ 4nsin0,  4msin0,
d M Ay

So the two peaks should not be fit independently, as the relative positions and relative intensities are
fixed.
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Fitting the Ka doublet

I would recommend fitting the peaks with something of the form

2sin 0

2

2sin0

1

|<2e>=A-f{qo,Aq,..}( j+Az-f{qo,Aq,.‘.>[ j+bo+b1-(2e>+bz-<2e>2

Essentially, the argument of the fitting functions is ¢ = 2sin 6/}, where a different wavelength is used for
each peak. But the centroids and FWHMSs in  are the same, and amplitudes are fixed at 2:1.

Lorentz-polarization factor

For a powder pattern, using unpolarized X rays, a variety of intensity contributions related to the
scattering geometry should be considered. These are often combined into a single term, called the
Lorentz-polarization factor

1 1
sin(20g) sin(20;)

1+cos”(20g)

L(BB)ZCOS(OB)' sin(e )s1n(29 )

[1+cos® (20 )] =

All of the diffracted intensities will be weighted by this factor. But there are other factors, too. There is a
multiplicity factor m for powders, because symmetry equivalent planes will superpose in the diffracted
intensity. This is the number of equivalent permutations of Miller indices that correspond to a particular
reflection. For example, a cubic crystal has 8 types of {111} planes and 12 types of {220} planes. Since
the orientation of a powder is completely random, any of these permutations can contribute to a particular
peak. Powder X-ray diffraction is almost completely kinematical diffraction, so the intensities vary as
structure-factor squared. We also saw this in electron diffraction, we just evaluate it a little differently for
X rays, compared to electrons.

locm-IFP-L(05)-M(05,T)

We also have included the Lorentz-polarization factor and the Debye-Waller, or thermal, factors
M (05,T), which accounts for the damping of scattering power for large-angle reflections due to crystal
vibrations.
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Particle-size broadening

We have not consider the peak width careful yet. It can be very broad for small nanoparticles. This is
related to the geometric effect we discussed in TEM, in which the distribution of diffraction intensity in
reciprocal-space is related to the fourier transform of the particle shape.

Let's say the scattering vector is q=Kk'—k =g +s, where s is the excitation error and g is an RLV. For a
radial scan, we can say S||g||/a. Note that this is completely different from TEM, where we assumed
s1g.Write g=2sin6/A, so

d_q_2c0s6
do A
Now
s=Aq= 2-A9};c0s9

The intensity is a gaussian w.r.t.

A(29)-cos9'a
I8

S-a=§-a=

So

_n{N'[A(zeicosG].a}z

I '= Imax €
Now, let's say our particle size is L = Na. Then the FWHM is

1 . e—n[L<(iA9)~cosG/k]2

~ Imax = Imax
From this, we can estimate the width of the peak in 20 :

In2
2. —X\
A20)=2-(20) =V n_ _(09D2
L-cos6 L-cos0

Sometimes, this is just written

K-A

A(26)= L-cosO

where K ~1. This is called the Scherrer equation.



